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Abstract. 
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1 Introduction 



In classical mechanics, observables are smooth functions on phase space, which con- 
stitute a Poisson algebra, while in quantum mechanics, the observables constitute a non- 
commutative associative algebra. Deformation quantization is the basis of one of the 
important attempts aiming to construct a quantum system starting from a classical me- 
chanics system. It is required that the quantum system obtained must go over into the 
original classical one in the limit ^ — > where h is Plank's constant. In recent times, a 
deformation quantification has bee explored in several context: in string theory approach 
to noncommutative geometry [1], Matrix Models [2], the noncommutative Yang- Mills the- 
ories [3] and non-commutative gauge theories [4]. 

Recently, the star product associated with an arbitrary two-dimensional Poisson struc- 
ture, using the coherent states on the complex plane, was introduced [5]. It was shown 
that, from the coherent states adapted to harmonic oscillator, one recover easily the well- 
known Moyal star- product [6]. The deformed coherent states ( a la Man'ko et al) [7] 
were also considered to provide an associative star-product. Then, it is clear now that the 
coherent state formulation give an useful scheme to define the star-product in a consistent 
way. 

The approach taken in this work is along the lines of Berezin quantization [8] and 
rehes on coherent states (Gazeau-Klauder(GK) [9] and Perelomov-Klauder,(PK) [10, 11] 
) adapted to an exact solvable systems with a nonlinear spectrum [12, 13]. The use of the 
coherent states is due to their useful property of overcompletness. For our purpose, we will 
consider the coherent states a la Gazeau-Klauder and ones defined following Perelomov- 
Klauder approach. Theses constructions leads as we will see to inequivalent states except 
for the harmonic oscillator case. 

We start by introducing the creation and annihilation operators corresponding to a 
quantum systems with non- linear spectrums of type e„ = an^ + bn (n e N, a > 0, 6 > 0). 
For some particular values of a and b, one find again well-known quantum mechanical 
systems like Poschl-Teller potential( see [12]), x^-anharmonic oscillator [14], and stan- 
dard harmonic oscillator. Section 3 is devoted to the construction of Gazeau-Klauder 
and Perelomov-Klauder coherent states for the above non-linear quantum systems. Their 
properties ( resolution to unity and analytical representations) are also presented. In sec- 
tion 4, the Gazeau-Klauder coherent states ( eigenstates of the annihilation operator) leads 
easily to the definition of star-product and Moyal bracket on the complex plane. However, 
when one deals with PK coherent states, the previous definition becomes nontrivial due to 
the fact that this kind of coherent states are not eigenstates of the annihilation operator. 
To overcome this difficulty, we introduce a new annihilation operator that diagonalizes 
the PK states. Concluding remarks are given in the last section. 
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2 Non-linear quantum spectrums 

Choose a Hamiltonian H with a discrete spectrum which is bounded below, and has 
been adjusted so that H > . We assume that the eigenvalues of H are non-degenerate. 
The eigenstates \ipn > of H are orthonormal vectors and they satisfy 

H\lpn >= en\lpn > (l) 

We suppose that > and verifies e„+i > e„. The energy cq of the ground state |'^o > is 
chosen to be zero. It is well-known that for such system one can factorize the Hamiltonian 
H in terms of creation a'^ and annihilation a~ operators as follows 

H = a+a" (2) 

Theses operators acts on the Hilbert space H — {\i/^n > ■, it- ^ N}, as 

a+|V^„ >= V^n+il^n+i > and orj-f/'n >= x/e^l^/'n-i >, (3) 
implemented by a~\ipQ >= 0. We define the operator G 

[a-,a+]^Gr^G{N) (4) 

as the commutator between a~ and a'^ . It is clear, from equation (3), that the action of 
G on the state |'0n > is given by 

G\i^n >= [a",a+]|^„ >= (e„+i - e„)|^„ > (5) 

The operators N is defined such that 

Nlt/Jn >= n\iJn > (6) 

Note that in general the operator N is different from H. They coincides only in the 
harmonic oscillator case. Furthermore, one can verify also the following commutation 
relations 

[N, a^] = ±a^ (7) 

In this letter, as we mentioned before, we focus our attention of a quantum systems with 
energy spectrum of type 

Cn^an^ + bn ,n = 0,1,2,... a>0, 6>0 (8) 

This choice covers many interesting situations. Indeed, for (a = l,b = k + k') , we have 
the spectrum of a quantum system evolving in the Poschl- Teller potentials parametrized 
by A; and A;' ( A; > 1 and k' > 1) [12, 13] 

H = -^,^V(.) (9) 
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where 

and = cxD otherwise (i.e a; > ; a; > vr). This family of potentials is also 

called, sometime, the Poschl-Teller potentials of the first kind. The latter reduces to 
other interesting potentials, which are widely used in solid state and molecular physical, 
hke for instance Scarf and Rosen-Morse ones ([12] and references quoted therein). The 
case {a — l,b — k + k' — 2), correspond to the spectrum of a free particle trapped in 
the infinite square- well potential. In the case (a = ^,6 = a + 1), where the parameter 
e is positive, we have the energy levels of so-called the x^— anharmonic oscillator [14] 
describing by the Hamiltonian 

^ = 0(^00 +^(«o +«o)^-Co (11) 

where cq — ^ — and Oq , % are annihilation and creation operator ({ao,ao} = 1) 
of the harmonic oscillator. This quantum system has been extensively studied since the 
early 1970 ( see review [14]) . Finally, for a = and 6 = 1, we obtain the standard 
harmonic oscillator spectrum which can be also obtained from x^— anharmonic system in 
the limit e — > 0. 



3 Coherent states 

Coherent states play an important role in many different context of theoretical and 
experimental physics, especially quantum optics [11]. This notion was firstly discovered for 
the harmonic oscillator and has been extended for several other potentials in the references 
[9, 12, 13] in which coherent states are defined: (i) as eigenstates of the annihilation 
operator, (ii) by acting the displacement operator on the ground state \ipo > and (iii) 
as states minimizing the so-called the Robertson-Shrodinger uncertainty relation. The 
definitions (i),(ii),(iii) gives different sets of states when one deal with a quantum system 
other than the harmonic oscillator. As we have mentioned above, we investigate the 
way to construct the star-product using the coherent states associated with an arbitrary 
quantum systems having spectrum of type e„ = an^+bn. Two types of coherent states will 
be used. The first set is the so-called Gazeau-Klauder GK coherent states obtained from 
the definition (i). The second type are of Perelomov-Klauder PK constructed following 
the definition (ii). Note that the minimization of the Robertson-Scrodinger uncertainty 
relation leads to the so-called generalized intelligent states, which are not of interest in 
this work 

3.1 Gazeau-Klauder Coherent states 

Let us denote the Gazeau-Klauder coherent states hj \z >, z E C. They are defined 
as eigenstates of the annihilation operator a~ 

a'\z>=z\z> (12) 
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Decomposing |2; > in Hilbert space Ti basis, and using the action of a on the >'s 
given by (3), we show that the coherent states \z > are as follows 

°° (V(r + 1 'I'^^/^z" 
\Z N{\Z\')-' E V i n/2 l^n > (13) 

where r — ^ and the normalization constant N{\z\'^) is 



[M{\z\^)f=oF,{T + l,'-^) (14) 

a 

The set of states j^; > is overcomplete. Indeed, the resolution of unity 

j \z >< z\dn{z,z) = In (15) 
is ensured in respect to the measure : 



dn{z,z)^ —Ir{—)Kr/2{—)rdrde , z ^ re'^ (16) 



2r 2r 

-r\—7=-l^r/2\—/=j 

na va ^/a 

The latter formula can be determined in a different ways. Here, we have used the approach 
developed in [12, 13]. The kernel (overlapping of two coherent states) is given by 



(„fi(r+l.H;)„f,(.,+ i,ia!,)2 

The overcompletion of the set { |^ >,^ G C } provide a representation of any state by 
the entire function 

/(^) = (oFi(r + l,^))V2<^|/> (18) 
a 

In particular, the analytic function corresponding the eigenstates \ipn > a-re 



2"^r(r + 1) 
•^"^^^ " a"/2(n!r(n + r + l))V2 
On the set {J^ni^}} the action of the creation and annihilation operators are given by 

= . , <,- = (,^ + (, + l,)iL, (20) 

and the operator G acts as 

G = 2az4- + {a + b) (21) 
dz 

It is easy to see that theses operators act in the functions space {J^n{z),n e N} as 

a'^J^niz) = ^e„+iJ^„+i(z) a~J^n{z) = ^fe^Tn~\{z) GTn{z) = (e„+i - e„)J^„(2;) (22) 

This realization will be useful in the sequel of this work when we will introduce the 
star-product approach based on the Gazeau-Klauder Coherent states. 
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3.2 Perelomov-Klauder Coherent states 

We recall that the Perelomov-Klauder Coherent are defined by : 

\z >— 'D{z)\ipQ >— exp{za^ — za~)\%l)Q > (23) 

The computation of the action of the displacement operator T>{z) on the ground state 
lipo > was done for an arbitrary quantum system and illustrated for the Poschl-Teller 
potentials [13]. Note that this result can be also applied for a quantum systems possessing 
energy levels Cn = an^ + bn (n e N) with a minor modifications .Then, one can obtain 



ic>= (i-icn^E 



'^" + ^ + 'V"|^.> (24) 



n!r(r + l) 

where ( = ■^teiI^h{z^/a). The states \( > satisfies the resolution to unity, namely 

/ |C><CMMC,C) = /w, (25) 



in respect to the measure given by 



The kernel < C'|C > is given by 



«C,C) = TTT-^ (26) 



< c'lc >= (1 - K'lr-^d - icn'*" t ^tV^.l^ '^i'O" (27) 

n=0 "--^ V ^) 



The state [-^^ > is represented analytically by the function 



r(n + r + 1) 



(28) 



^ n!r(r + l) 

The creation and annihilation operators act in the Hilbert space of analytical functions 
{^n(C))^ £ N} as a first order differential operators 

and the operator G acts in the same representation as 

G = 2C^ + (r + 1) (30) 

One can verify that 

a'^GniC) = ^yen+lGn+l{C) «~^n(C) = \/e^^n-l(C) GGniC) = en^n(C) (31) 

To end this subsection, we would like to draw the attention that the analytical rep- 
resentations of both the (GK) and (PK) coherent states are related through the Laplace 
transform [15] 
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4 Star product and Moyal Bracket 



In this section, wc introduce the star-product and Moyal bracket in coherent states 
framework. Let us start by recalhng the definition of star-product. To every operator A 
acting on the Hilbert space 7i one can associate a function A{z, z) on the complex plane 
as 

A{z,z) ^< z\A\z> (32) 
The associative star-product of two functions A{z, z) and B{z, z) is defined by [5] 

A{z,z)*B{z,z) =< z\AB\z> (33) 
and then the corresponding Moyal bracket is given by 



{A{z,z),B{z,z)}m ^ A{z,z)*B{z,z) - B{z,z)icA{z,z) =< > . (34) 

Using the identity resolution of the coherent states, the star-product equation (33) be- 
comes 

A{z,z)i.B{z,z)= Jdii{C,0<z\A\C><C\B\z>, (35) 
which can be also written as 

A{Z,Z)^B{Z,Z) = ^ < -zlV'n >< V'nl^l^lV'm >< i^m\z > (36) 
n,m 

in terms of the function < Vm|-2 > corresponding to the element IV'^ > of the Hilbert 
space Ti,. It follows that the Moyal bracket take the form 

{A{z,z),B{z,z)}m = < Ai^n >< i^n\[A,B\\i^rn >< 1pm\z > (37) 

n,m 

Analysing the relations (37), we see that there is a correspondence between the struc- 
ture relations of the operators algebra of the and the -k commutators, namely Moyal 
bracket, of the elements generating the algebra of the functions on the complex plane. 
This point will be examined through this this section. 

We note that the star-product (33) can be written in the integral representation in terms 
of the ordered exponential [5] : 

* = / di^iC, ■■ exp(^(C - 77) : I < 77IC > r : exp((C - v)^ : (38) 
which not used in this work. 
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4.1 Star product with Gazeau-Klauder Coherent states 

In the GK Coherent states, the star-product take the simple form 

A{z,z)^B{z,z)=N{\z\^Y^Y.^n{z) <iJn\AB\ij^> Tm{z) (39) 

n,m 

Since the GK coherent states are the eigenstates of the annihilation operators a~, there 
are a correspondence between a~ and the analytic function z ^ z 

<z\a'\z>=z (40) 

Then, the anti-analytic function z ^ z is the expectation value of the operators a+ over 
the coherent state \z > 

< z\a'^\z >^ z (41) 

Furthermore, by using the definition of the star-product (39) one can obtain easily the 
following relations 

1^1 = 1 li<Z = Zi<l — Z l-kZ — Zi<l — Z (42) 

and more generally, we have 

z'^ = z^ t^^z^ p>0 (43) 

where 6*^ = 6 -k 6 -k 6... -k 6 { p times, with 6 = z or z). Based on the latter relations, one 
can evaluated the star-product for any 2;-analytics and ^-antianalytics functions which are 
given by 

A{z)*B{z)^A{z)B{z) (44) 

and 

A{z)i.B{z)^A{z)B{z) (45) 

We show also that 

z * z —< z\a'^a'~\z >— zz — \zf (46) 

Hence the star-product between two functions is reduced to the ordinary one if the 
function in the right is analytic and the function in the left is anti-analytic 

A{z)i.B{z)=Aiz)B{z) (47) 

For completeness, we will compute the star product of type zic z. From the previous 
considerations it is easy to see that 

z * z —< z\a~a'^\z >— z ic z — Q{z, z). (48) 

where 



8 



^ 2aN%F,(r + 2,^) 
^^'^ r + l„F,(r + l,M!) + ^" + '^ ^^'^ 

The function Q {z, z) can be expressed as follows 

g{z,z)^2az-^Y.^n{z)Tn{z)+a + h (50) 
az „ 

in terms of the functions {jF„(2;),n £ N}. 

One remark that the Moyal bracket preserve the commutation relations of the algebra 
generated by {a^, a^, G} as we have already mentioned . Indeed, in the operators language 
we have the following relations 

[a-, a+] = G{N) , [a^, G{N)] = ±2aa^ (51) 

which are are expressed in the language of Moyal bracket as 

{z,z}m ^ G{z,z) , {z,Q{z,z)}m ^'^az , {z,g{z, z)}m ^ -'^az (52) 
Using the previous results, one can show the following interesting relations 



ZicQ{z, z) 


= g{z. 


, z) + z{a + b) - 


{a + b) 


Q{z, z)-kz-- 


-G(z, 


z) + z(3a + b)- 


(a + b) 


Q{z, z)-k Z 


^Q{z. 


, z) + z{a + b) - 


(a + b) 


z-kQ{z,z) ■- 


= S{z, 


z) + z{3a + b)- 


{a + b) 



(53) 



which are useful to calculate in a complete way the star-product. Finally, using the 
relations (42), (43), (46), (52) and (53), one can compute the star-product of any two 
functions A{z,z) and B{z,z). As illustration, let us give the following example : the 
star-product of A{z, z) — z and B{z, z) — zz are given by 

A{z, z) -k B{z, z) = z^z 

(54) 

B{z, z) -k A{z, z) = z^z + g{z, z) + z{a + b) - {a + b), 
and the corresponding Moyal bracket is 

{A{z, z),B{z, z)}m = (a + 6) - g{z, z) - z{a + b). (55) 

In the particular case : a — and b — 1 (i.e., the harmonic oscillator case), the func- 
tion Q{z, z) is equal to unity and the relations (53) reduces to (42) ones. The relation (52) 
gives the well-known Moyal bracket constructed using the coherent adapted to standard 
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harmonic oscillator [5]. 



It is true that for the quantum systems considered in this work, we can define the 
Gazeau-Klauder coherent states as well-as the Pcrelomov-Klauder ones. However, it 
should be noted that there exist some quantum systems for which the Gazeau-Klauder 
coherent states can not be constructed due to the fact that the dimension of the Hilbert 
space Ti is finite like for instance a quantum system trapped in the Morse potential [16]. 
In this situation, the definition of the star-product discussed above can not be used. So, 
for this reason, we believe that is interesting to introduce also the star-product in the 
Perelomov-Klauder coherent states. 

4.2 Star product with Perelomov-Klauder Coherent states 

The Pcrelomov-Klauder Coherent states |^ > equation (24) are not the cigenstates 
of the annihilation operator . In order to define the star-product and Moyal bracket, 
one may ask if the analytic function C ~^ C ^-iid the anti-analytic function C ~^ C can be 
defined as the means values of some operators A" and acting on the Hilbert space H 



<C|^-|C>=C <CI^+IC>=C (56) 

Let us introduce the operators 

A- = a-f{N) y4+ = f{N)a^ (57) 
The operators A~ and A'^ satisfy the relations (56), when f{N) is defined by 

f(N) = \ (58) 

where the function operator g{N + I) acts in the Hilbert space as j'^n > 

g{N + l)\^n >= en+i\^n > (59) 
for / e N. The new operators A~ and A'^ satisfy the following relations 

[A-,A+]=D{N) (60) 

where the operator D{N) is defined as a function of the operator by 

One can show also that 

A-D{N) ^ D{N + 1)A- A+D{N) ^ D{N -1)A+ (62) 
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For our purpose, we define the following functions 



(65) 



Vi{C,0^<C\D{N + l)\C> (63) 

which are useful, in the computation of the star-product based on the Perelomov-Klauder 
coherent states. A straightfoward calculation leads to 

m, C) = (1 - \C\'r' E GniOQniCHin + l + 2)^5±^ -{n + l + ir^} (64) 

n ^n+l+2 ^n+l+l 

Using (64), one find the basic relations needed for a computation of star-product between 
any two functions Ai{C,C) l^iiCX)- They are given 

C^C = CC C^C = CC + 2?o(C,C) 

m, c) * c = cm, m, o * c = c2^;+i(c, o 

As application, we set A{C, C) — C ^^'^ ^{C, C) = CC- The star-product is this case are 
given by 

(66) 

where T>q{(, () is defined by (64). 

Contrary to the previous case ( one corresponding to GK coherent states), the structure 
relations of the algebra {a"*", a~ , G} are not preserved by this star-product. However, one 
can see that the Moyal bracket defined from Perelomov-Klauder coherent states preserve 
the commutation relations (60) and (62) of the algebra generated by {A^ , , D{N)}. 

For the harmonic oscillator case {a = 0,b = 1), we have f{N) = 1, D[N) = 1 and 
the operators A^ reduce to the creation and annihilation operators of ordinary harmonic 
oscillator where the Moyal bracket is trivial. 

We conclude that the star product in GK coherent states is in general different from 
one obtained in the PK scheme, except for the ordinary oscillator case. 



5 Concluding Remarks 

In this work, we have introduced the star product and the Moyal bracket in the co- 
herent states framework corresponding to exact solvable quantum systems, admitting a 
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nonlinear spectra. We have seen that in the PK coherent states case, the construction 
becomes non-trivial, because the coherent states are not eigenstates of the annihilation 
operator. This difficulty was removing by introducing a new operator diagonalizing the 
PK states. The fundamentals star-products, providing a complete way to compute the 
Moyal bracket for any two functions, are given in this work. The star product con- 
structed for the standard harmonic oscillator [5] was recorded as the particular case of 
our approach. It is clear that there remain many problems for future study. One of 
them would be the definition of star-product using the coherent states for the Lie alge- 
bras and their supersymmetric counterparts. Another would be a better understanding 
of the relationship between the star product with GK coherent states and one using the 
PK ones. We believe that such relation can be established, because as we mentioned 
above, the analytical representations of both coherent states are related through Laplace 
transformation. Finally, it became apparent from this work that the construction of the 
star product from the coherent states involves a certain rule of correspondence between 
functions on non-commuting operators and analytical functions; this correspondence is 
similar to one between classical and quantum mechanics. So, would be interesting, as 
suggested by one of the referee of this paper, to show this calculus in use by studying 
an exactly solvable quantum mechanics system cited in this work ( a system trapped in 
Poschl-Teller potential, for instance). This matter in under consideration [17] 
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